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Motivation

Relativistic fluid dynamics is used to model HIC

There are large corrections to an ideal fluid due to the rapid
longitudinal expansion

The QGP is an anisotropic plasma

Can then build in the anisotropies from the beginning to create a
more reliable approximation scheme to the QGP matter
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Relativistic fluid dynamics

Canonical way to derive viscous hydrodynamics is to linearize around
an isotropic equilibrium distribution function

y − y0 = δy � 1 , y0 = u·p
T −

µ
T

f (y) = feq(y0)︸ ︷︷ ︸
≡f0

+ feq (1− afeq) δy︸ ︷︷ ︸
≡δf

+O
(
δy2
)

Particle momentum-space is approximated at leading-order by a
sphere

Isotropic energy-momentum tensor (ignoring bulk viscous pressure)

Tµν = (E + P) uµuν − Pgµν + πµν , R−1
π =

√
πµνπµν/P � 1
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Viscous hydrodynamic limitations

Look at Navier-Stokes solution for insights on the momentum-space
anisotropies

πµν
NS = η∇〈µuν〉

P⊥ = P +
1

2
(πxx

NS + πyy
NS) = P +

2η

3τ

PL = P + πzz
NS = P − 4η

3τ

πzz
NS = −2πxx

NS = −2πyy
NS = −4η

3τ

Can recast pressure ratio in terms of the temperature of the system

PL

P⊥
=

3τT− 16η̄

3τT + 8η̄
, η̄ ≡ η/S

Initial conditions at RHIC: T0 = 400 MeV, τ0 = 0.5 fm/c gives
PL/P⊥ ≤ 0.5
Initial conditions at LHC: T0 = 600 MeV, τ0 = 0.25 fm/c gives
PL/P⊥ ≤ 0.35
The longitudinal pressure can become negative for large values of η̄, early
times, or low temperatures
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Hydrodynamic expansion revisited: a reorganized approach

Hydrodynamic expansion breaks down in far-from-equilibrium
situations

i.e. the first-order correction becomes of the order of the leading-order
piece in the perturbative expansion

Generalized solution

f (x , p) = f0(x , p)
∑
`,α

aα(x)P(`)
α (p)

f0 is the LO approximation (arbitrary weight factor)

In order to obtain the most rapid convergence, choose f0 such that it
is as close as possible to the exact solution f

The choice of f0 is guided by general insights into the properties of f
for the problem at hand
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Anisotropic expansion

In HIC, rapid longitudinal expansion suggests to use an f0 distorted along
the pz (beam)-direction with azimuthal symmetry

ξ > 0 =⇒ PL < P⊥

Expansion around a “local anisotropic equilibrium” distribution function

f (x , p) = fiso

(√
m2 + p2

⊥ + (1 + ξ(x)) p2
z

Λ(x)

)
︸ ︷︷ ︸

Romatschke-Strickland form in LRF

+δf̃

ξ(x) is the anisotropy parameter
Λ is the effective transverse temperature

ξ =
〈p2

⊥〉
2〈p2

L〉
− 1
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Hydrodynamic tensor decomposition for anisotropic
systems

Expansion around a spheroidal distribution function

f (x , p) = fRS + δf̃

leads to Px = Py 6= Pz
Large portion of dissipative currents caused by spheroidal deformation
of particle momentum-space are treated non-perturbatively
δf̃ gives rise to dissipative currents which (mostly) account for
viscous effects other than those included in δf = faniso − feq

jµ = Nanisou
µ + Ṽ µ

Tµν =
(
Eaniso + P⊥ + Π̃

)
uµuν −

(
P⊥ + Π̃

)
gµν + (PL−P⊥) zµzν + π̃µν

R. Ryblewski and W. Florkowski, 1103.1260; M. Martinez, R. Ryblewski, and M. Strickland, 1204.1473
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Quasi-thermodynamic quantities

N (ξ,Λ) =

∫
d3p

(2π)3
fRS = R0(ξ)Niso (Λ)

E (ξ,Λ) = T 00 = R(ξ)Eiso (Λ)

P⊥ (ξ,Λ) =
1

2
(T xx + T yy ) = R⊥(ξ)Piso (Λ)

PL (ξ,Λ) = T zz = RL(ξ)Piso (Λ)

R(ξ) =
1

2

(
1

1 + ξ
+

arctan
√
ξ√

ξ

)
,

R⊥(ξ) =
3

2ξ

(
1 + (ξ2−1)R(ξ)

ξ + 1

)
,

RL(ξ) =
3

ξ

(
(ξ+1)R(ξ)− 1

ξ + 1

)

The bulk quantities factorize into a
product of two functions only in
massless limit
In the m 6= 0 case can define an
“anisotropic equation of state”
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LO aHydro: (0+1)d case

M. Martinez, M. Strickland, 1007.0889

0th moment: ∂µj
µ 6= 0

1

1 + ξ
∂τξ −

2

τ
− 6

Λ
∂τΛ = 2Γ

[
1−R3/4(ξ)

√
1 + ξ

]
1st moment: ∂µT

µν = 0

R′(ξ)

R(ξ)
∂τξ +

4

Λ
∂τΛ =

1

τ

[
1

ξ(1 + ξ)R(ξ)
− 1

ξ
− 1

]
Relaxation rate Γ determined by matching to viscous hydrodynamics for
small ξ

Γ =
2

τπ
=

2T

5η̄
=

2R1/4(ξ)Λ

5η̄
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Pressure anisotropy
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Transverse expansion
M. Martinez, R. Ryblewski, and M. Strickland, 1204.1473

4πη/S = 1, Pb-Pb @ 2.76 TeV: T0 = 600 MeV, τ0 = 0.25 fm/c, b = 7 fm
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Macroscopic equations of motion: (2+1)d

0th moment

Ṅ = −N θ − ∂µṼ µ + C

1st moment

Ė + (E+P⊥+Π̃)θ + (PL−P⊥)
u0

τ
+ uν∂µπ̃

µν = 0

(E+P⊥+Π̃)u̇x + ∂x(P⊥+Π̃) + ux(Ṗ⊥+ ˙̃Π) + (P⊥−PL)
u0ux
τ
−∆1ν∂µπ̃µν = 0

(E+P⊥+Π̃)u̇y + ∂y (P⊥+Π̃) + uy (Ṗ⊥+ ˙̃Π) + (P⊥−PL)
u0uy
τ
−∆2ν∂µπ̃µν = 0

Need more equations for Ṽ µ, Π̃, and π̃µν

Treated perturbativly like in viscous hydro (14-moment approximation),
leads to “anisotropic tansport” equations
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(2+1)d EOM for the anisotropic degrees of freedom

ξ̇

1 + ξ
− 6

Λ̇

Λ
− 2θ = 2Γ

(
1−

√
1+ξR3/4(ξ)

)

R′ξ̇ + 4R
Λ̇

Λ
= −

(
R+

1

3
R⊥

)
θ⊥ −

(
R+

1

3
RL

)
u0

τ
+
π̃µνσµν

E0(Λ)

[3R+R⊥] u̇⊥ = −R′
⊥∂⊥ξ − 4R⊥

∂⊥Λ

Λ
− u⊥

(
R′

⊥ξ̇+4R⊥
Λ̇

Λ

)
−u⊥(R⊥−RL)

u0

τ
+

3

E0(Λ)

(
ux∆1

ν + uy∆2
ν

u⊥

)
∂µπ̃

µν

[3R+R⊥] u⊥φ̇u = −R′
⊥D⊥ξ − 4R⊥

D⊥Λ

Λ
−

3

E0(Λ)

(
uy∂µπ̃µ1 − ux∂µπ̃µ2

u⊥

)

˙̃πµν = −2u̇απ̃
α(µuν) − Γ

[(
P − P⊥

)
∆µν +

(
PL−P⊥

)
zµzν + π̃µν

]
+Kµν0 + Lµν0

+Hµνλ0 żλ +Qµνλα0 ∇λuα + Xµνλ0 uα∇λzα − 2λ0
πππ̃

λ〈µσ
ν〉
λ + 2π̃λ〈µω

ν〉
λ − 2δ0

πππ̃
µνθ,

13 / 1



Testing vaHydro

Is there a way to test the accuracy of various approximation methods?

Exact (numerical) solution to the Boltzmann equation in RTA exists
for (0+1)d systems [W. Florkowski, R. Ryblewski, M. Strickland 1304.0665, 1305.7234]

Relaxation rate is determined by matching at asymtotically late time
to the exact solution

Γ =
R1/4(ξ)Λ

5η̄
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Pressure anisotropy

0.5 1.0 2.0 5.0 10.0 20.0

0.65
0.7
0.75
0.8
0.85
0.9
0.95
1.

P L
êP T

x0= 0, 4phêS = 1, T0= 0.6 GeV

0.5 1.0 2.0 5.0 10.0 20.0

0.50

0.20

0.30

0.15

0.70

x0= 10, 4phêS = 1, T0= 0.6 GeV

0.5 1.0 2.0 5.0 10.0 20.0
0.02

0.05

0.10

0.20

0.50

1.00
x0= 100, 4phêS = 1, T0= 0.6 GeV

0.5 1.0 2.0 5.0 10.0 20.0
0.4

0.5

0.6
0.7
0.8
0.9
1.

P L
êP T

x0= 0, 4phêS = 3, T0= 0.6 GeV

0.5 1.0 2.0 5.0 10.0 20.0

0.50

0.20

0.30

0.15

0.70

x0= 10, 4phêS = 3, T0= 0.6 GeV

0.5 1.0 2.0 5.0 10.0 20.0
0.02

0.05

0.10

0.20

0.50

x0= 100, 4phêS = 3, T0= 0.6 GeV

0.5 1.0 2.0 5.0 10.0 20.0

1.00

0.50

0.20

0.30

0.70

P L
êP T

x0= 0, 4phêS = 10, T0= 0.6 GeV

0.5 1.0 2.0 5.0 10.0 20.0
0.10

0.50

0.20

0.30

0.15

0.70
x0= 10, 4phêS = 10, T0= 0.6 GeV

0.5 1.0 2.0 5.0 10.0 20.0
0.02

0.05

0.10

0.20

0.50

x0= 100, 4phêS = 10, T0= 0.6 GeV

0.5 1.0 2.0 5.0 10.0 20.0

0.05

0.10

0.20

0.50

1.00

t @fmêcD

P L
êP T

x0= 0, 4phêS = 100, T0= 0.6 GeV

0.5 1.0 2.0 5.0 10.0 20.0
0.010

0.100

0.050

0.020
0.030

0.015

0.150

0.070

t @fmêcD

x0= 10, 4phêS = 100, T0= 0.6 GeV

0.5 1.0 2.0 5.0 10.0 20.0

0.010

0.100

0.050

0.020
0.030

0.015

0.150

0.070

t @fmêcD

x0= 100, 4phêS = 100, T0= 0.6 GeV

Exact Solution
vaHydro
aHydro
3rd-order hydro

15 / 1



Particle production
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Conclusion

The anisotropic hydrodynamics framework is a more efficient way to
solve the relativistic hydrodynamics equations for HIC

Second-order anisotropic hydrodynamics allows for corrections to the
spheroidal form

Expect it to improve the validity of viscous hydrodynamics for HIC
especially at early times, for large η/S, or near the transverse edge
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Backup slides
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Relative error of pressure ratio
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Relative error of effective temperature
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